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, Abstract 
(N ■ 

There are three classical divergence measures exist in the literature on information theory 
and statistics. These are namely, Jeffryes-Kullback-Leiber [5J |B] J -divergence. Sibson-Burbea- 
Rao pQ Jensen-Shannon divegernce and Taneja [9] arithemtic- geometric mean divergence. These 
three measures bear an interesting relationship among each other and are based on logarithmic 



c/3 



expressions. The divergence measures like Hettinger discrimination, symmetric x 2 ' — divergence, 
and triangular discrimination are also known in the literature and are not based on logarithmic 
expressions. Past years Dragomir et al. [3J, Kumar and Johnson [?! and Jain and Srivastava [3] 
studied different kind of divergence measures. In this paper, we have presented some more new 
divergence measures and obtained inequalities relating these new measures made connections 
^ ' with previous ones. The idea of exponential divergence is also introduced. 

' Keywords: J -divergence; Jensen- Shannon divergence; Arithmetic- Geometric divergence; Csiszdr's 
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1 Introduction 



P = (Pl,P2, -,Pr, 



Pi > 0,^pi = 1 f , n ^ 2, 



i=l 



be the set of all complete finite discrete probability distributions. For all P,Q £ T n , below we shall 
ansider two gro 

First Group 



5^ 

consider two groups of divergence measures. 



A(P||Q) = ^^i^-, (1) 

n 

KP\\Q) = -^VPi-^i)\ (2) 

8=1 

np\\Q) = it {Pl ~ qi)2{Pl+qi \ (3) 



i=i 

n 




*o(P||Q)=£^7=- (4) 



l 



and 



1 n 

F(P\\Q) = -J2 



(p? - <z? 



i \j (PiQi 



(5) 



• Second Group 



£i(P||Q) 
B 2 (P\\Q) 
Bs(P\\Q) 
Ba(P\\Q) 
Bb(P\\Q) 



(Pi - gQ 4 

i=1 V(Pi<li) 3 ' 



E 

i=l 
n 

i=l 

E — 



Pi + Qi 



\2 



i=l 



E— 



(Pi + g») ^/Piqi 



i=i 



PiQi 



(6) 
(7) 
(8) 
0) 
(10) 



and 



B,(P\\Q)=J2 



(pi 



fr^ PiQi {pi + qi) 



(11) 



We observe that the measures appearing in first group are already known in the literature. The 
first three measures A(P||Q), h(P\\Q) and ^(P||Q) are respectively known as triangular discrim- 
ination, Hellingar's divergence and symmetric chi-square divergence. The measures Kq(P\\Q) and 
F(P\\Q) are due to Jain and Srivastava [I] and Kumar and Johnson [7] respectively. The measure 
B\{P\\Q) appearing in the second group is due to Dragomir et al. [3]. Other five measures appear- 
ing in the second group are new. The measures ([3]), ([9]) and (jlpp are very much similar to each 
other and the other eight measures are also similar to each other. The measures (f6|)- (|lip can be 
written in terms of the measures CO)-©. See the expression (i28|) . 

1.1 Classical Divergence Measures 

All the above eleven measures are without logarithmic expressions. There are three classical di- 
vergence measures known in the literature on information theory and statistics are J- divergence, 
Jensen- Shannon divergence and Arithmetic- Geometric mean divergence given respectively as 



wio) = E(ft-«) ln ® 



i=i 



i(p\\Q) = 2 



q. 

X> ln (^^) + X> ln 

i=i \A-rft/ l= i 



2q t 



Pi + Qi 



(12) 
(13) 



2 



and 



n 



r(P||Q) = ^(^i)ln(fi±|). (14) 



1=1 

We have the following inequalities [13 [11] [3], [7] among the measures (P)-© and (fl~2j) - (fl4"|) . 
\A(P\\Q) ^ I(P\\Q) < h{P\\Q) ^ \j{P\\Q) ^ T(P\\Q) < 

< ±K (P\\Q) < i*(P||Q) < ±F(P\\Q). (15) 
Some recent applications of Jensen's difference (refeql3) can be seen in Sachlas and Papaioannou 

1.2 Exponential Divergence 

For all P, Q 6 r„, let consider the following general measure 

K t (P\\Q) = J2 — kfai . 4 = 0,1,2,3,... (16) 

i=i (Pi?i) 2 

When t = 0, we have the same measure as given in ([4]). When t = 1, we have K%(P\\Q) = 
B\{P\\Q). When It + 1 = k, it reduces to one studied by Jain and Srivastava [3]. We can easily 
check that the measures Kt{P\\Q) are convex in the pair of probability distributions (P,Q) G T n , 
t = 0,1,2,3,... 

Let us write 

£k(P||Q) = ~*b(P||Q) + itfi(P||Q) + ^ 2 (P||Q) + ^K 3 (P\\Q) + ... (17) 
The expression (|17p leads us to following exponential divergence 

e k {p\\Q) = V <** ~^i )2 exp f ^ " gj)2 , (p,Q)er n xr n , (is) 

The eight measures appearing in the inequalities (|15p admits many nonnegative differences. 
Here our aim to obtain inequalities relating these measures arising due to nonnegative differences 
from (fT5|) . Also our aim is to bring inequalities among the six measures B\(P\\Q) to Bq(P\\Q) and 
then again study their nonnegative differences. Aim is also to connect the first four terms of the 
series (|17p with the known measures. Frequently, we shall use the following two lemmas. 

Lemma 1.1. // the function f : [0, oo) — > IR zs convex and normalized, i.e., f{\) = 0, then the 
f-divergence, Cf(P\\Q) given by 

C/(P||Q) = f>/(^), (19) 
is nonnegative and convex in the pair of probability distribution (P,Q) G T n x r„. 
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Lemma 1.2. Let fx,f% '■ I C K+ — > R too generating mappings are normalized, i.e., /i(l) = 
/2(1) = and satisfy the assumptions: 

(i) fi an d f2 o,re twice differentiable on (a, b); 

(ii) there exists the real constants a, (3 such that a < (3 and 

i/ien we /iaue i/ie inequalities: 

a C f2 (P\\Q) ^ C fl (P\\Q) < /3 C /2 (P||Q). (20) 

The first Lemma is due to Csiszar [2] and the second is due to author [10]. Some interesting 
properties of (|19p see Taneja and Kumar [12 1. 



2 Convexity of Difference of Divergences 

The inequalities given in (|15p admit 28 nonnegative differences. Convexity of some of these differ- 
ences is already studied in Taneja |11| . Here we shall study convexity of the differences connected 
with new measures Kq(P\\Q) and F(P\\Q). We can easily check that in all the cases /(.)(1) = 0. 
According to Lemma 1.1, it is sufficient to show the convexity of the functions fr.\(x), i.e., to show 
that the second order derivative of i.e, f'/\(x) ^ for all x > 0. We shall do each part 

separately. Throughout, it is understood that x > 0. 

(i) For D KoT (P\\Q): We can write 

n 

DK 0T (P\\Q) = J2qifK T 



i=l 

where 



, 1. , . 1 (x — l) 2 x + 1 fx + l\ 

fK Q T( X ) = -fK (x) ~ MX) = -— y= -In (^j 



This gives 



,// ,,_ (3x + 4^ + 3)(y^-ir ^ n 
JKnT\x) — — — — rr ^ u - 



^ oTW " ?>2x^(x + l 

(ii) For D KoJ (P\\Q): We can write 



where 



This gives 



d Ko j(p\\Q) = J2i^oj (-), 

i=i 



fK .j(x) = \fK {x) - \fj{x) = r- 1 \(x-l) lnx. 



f „ M _ (3x + 2Vi + 3)( v ^-l) 2 
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(iii) For DK h(P\\Q) : We can write 



D Koh (P\\Q) = J2qifK h (-), 
i=i V%/ 



where 

fK h(x) = -fK (x) - fh(x) = ■= -(Vx-l) - 



fx 2 VV ' 8^ 
This gives 

fK h(x) = 3 2x 5 /2 ' ) > °- 

(iv) For D KoI (P\\Q): We can write 



D Ko l(P\\Q) = Y i qifKol 



i=i 

where 



, , * t t \ 1 ( X ~ 1 ) 2 x ^ x + l (x+l 

fK l{x) = -fK {x) ~ fl(x) = -— y= j + ~1T 



This gives 

(3x 2 + 6x 3 / 2 + 14s + 6y/x + 3) ( - I) 2 
}K ° I{X) ~ 32x^(x + l) ^ °- 

(v) For Dk a{P\\Q)' We can write 

D Ko A(P\\Q) = J2qifK A (-), 



i=l 



where 



/x a(x) = g/jf (x) - ^/a(x) 
l(x-l) 2 l(x-l) 2 (x-l) 2 (^-l) 2 



y/x 4 x + l 8a/x(x + 1) 



This gives 



f /- _ 1 y 2 f 3x4 + 6x7/2 + 20x3 + 34x5/2 + 
„ ^ s ^ V + mx2 + 34x3/2 + 20x + 6 Vx + 3 , 

fK ° A{x) = 32x^(x + l)3 ^ °- 

(vi) For Dy Ko (P\\Q): We can write 



D 9Ko (P\\Q) = Y i qihK 



i=i 

where 
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_ 1 (x-l) 2 (x+l) _ 1 (x - 1) _ (x- l) 2 (Vi- l) 2 
16 x 8 16a; 

This gives 

U/i-l) 2 (4x 2 + 5x 3 / 2 + 6x + 5^/i + 4) 
Uk {x) ^3 > 0. 

(vii) For D F9 (P\\Q): We can write 

n 

D F *{P\\Q) = Y J <lifF* 



i=i 



where 



This gives 



1 (x 2 -l) 2 _ 1 (x - l) 2 (x + 1) 
~ 32 x 3 / 2 16 x 
(x + l)(Vi+l) 2 (Vi-l) 4 
32x 3 / 2 

2 / 15x 3 + 14x 5 / 2 + 13x 2 + 
„„ /N ^ j V +12x 3 / 2 + 13^ + 14^ +15 , 

fF*(*) = ^rr 2 > o. 



(viii) For D F k {P\\Q)- We can write 

D FKo (p\\Q) = Y,<iifFK (^) 

i=l 



where 



This gives 



fFK (x) = ^ F ( x ) ~ 

1 (x 2 - l) 2 _ l (x-l) 2 _ (x-1) 4 
~ 32 x 3 / 2 8 32x 3 / 2 ' 



3(5x 2 + 6x + 5) (x-1) 2 ^ Q 



(ix) For D FT {P\\Q): We can write 

D FT {p\\Q) = jr qi f F T f^Y 

where 
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This gives 



r _ 2 ( 15x 4 + 30x 7 / 2 + 60x 3 + 58x 5 / 2 + \ 
„ _ X ' V +58x 2 + 58a;3/2 + 60a; + 30 v^ + 15 / 
fFT(x) = 128.*V 2 (x + l) > °- 



(x) For D F j(P||Q): We can write 



0fj(P||Q) = X>/fj (A, 

i=i 



where 

fcM = -L/,(«) - §/,(*) = - I (« - 1) tax. 



This gives 



2 / 15x 3 + 30x 5 / 2 + 45x 2 + \ 
,. . , ^ ' V +44x 3 / 2 + 45x + 30^ + 15 J 

= 128x^ ^ °" 



(xi) For D Fh {P\\Q): We can write 



where 



D Fh (P\\Q) = f2nfFh (-), 



f Fh {x) = ±f F {x) - f h (x) = —^J^ - \ 

(x 2 + 4x 3 / 2 + lOx + 4^x + l)(y/x- l) 4 



32x 3 / 2 

This gives 



„ , , 15(x 2 -l) 2 



(xii) For D FI (P\\Q): We can write 



D FI {P\\Q) = j^ qi f FI (A, 
i=i V%/ 



where 



M(z) = ^/f(^) - //(a:) 



32 x 3 / 2 2 

This gives 



1 (x 2 -l) 2 1 . /x + l\ /x + 1 
x m x + — - — In 1 



2 / 15x 4 + 30x 7 / 2 + 60x 3 + 90x 5 / 2 + \ 
,. ^ X ~ ' V +122x 2 + 90x 3 / 2 + 60x + 30^ + 15 ) 
fFl{x) = 128x^ + 1) > °- 
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(xiii) For Dfa(P\\Q)' We can write 

^a(P||Q)=E%/fa (-)■ 
i=l \ qiJ 



where 



f ( , 1 f ( , l f ( ^ I {^-lf l(x-l) 



j 4 j^v i 32 ^3/2 4 x + 1 

(x - l) 2 - l) 2 (z 2 + 2x 3 / 2 + 6x + + l) 
32x 3 / 2 (x + 1) 



This gives 



/ 15x 6 + 30X 11 / 6 + 90x 5 + 150x 9 / 2 + 

{y/x - if +257x 4 + 364x 7 / 2 + 492x 3 + 364x 5 / 2 + 

„ \ +257x 2 + 150x 3 / 2 + 90x + 30^ + 15 , 

/FA(X) = 128xV2 (x + i)3 > °" 

Remark 2.1. In view of above expressions we can relate the measures of group 2 in terms of 
measures of group 1 as #i(P||Q) = 32D FKo (P\\Q), B 3 (P\\Q) = 8D Koh (P\\Q), B A (P\\Q) = 
SD KoA (P\\Q), and B 5 (P\\Q) = 16D 9Ko (P\\Q). The measures B 2 (P\\Q) and B 6 (P\\Q) can also be 
written as B 2 {P\\Q) = 4D hA {P\\Q) and B 6 (P\\Q) = 16D 9A (P\\Q). 

3 Sequences of Inequalities 



The expression (|15j) admits 28 nonnegative differences. Some of these differences are already studied 
in Taneja [H]. Here we shall consider only those connected with the measures Kq(P\\Q), *$>(P\\Q) 
and F(P\\Q). Based on these differences the following theorem hold: 

Theorem 3.1. The following sequences of inequalities hold: 

\Z ) * ( loT ) < < * ( \dL ) < k°« < \ D - 

* \ ( Z, < iD „ ) < >" « 5 D » * >' « i ( Z ) * < 21 » 

where, for example, Dta = T — jA, Dk a = g-f^o — zA, eic. 

Proof. All the measures appearing in the inequalities f)21 1) can be written as (|19p . where we can 
easily check that all these differences are convex functions in the pair of probability distribution 
(P, Q) G T n x T n . We shall make use of the Lemma 1.2 and shall do each part separately. 

(i) For Dta(P\\Q) ^ Dk a(P\\Q)- For all x > 0, x / 1, let us consider the function 

/ v _ /faQe) _ (8x 2 + 32x + 8)V^(^+l) 2 
5TA " XoA( } " T^) " ^3x 4 + 6x^ + 20x 3 + 34xV 2+ ~" 

+66x 2 + 34x 3 / 2 + 20x + 6^ + 3 



8 



Calculating the first order derivative of the function gTA_Ko&( x ) with respect to x, x > 0, one 
gets 



9ta.k a( x ) 



4(V£+l)(a:-l) 



r ( 3x 4 + 6x 7 / 2 + 20x 3 + 34x 5 / 2 + \ 
^ X V +66x 2 + 34x 3 / 2 + 20x + 6^ + 3 ) 

3x 5 + 12x 9 / 2 + 37a; 4 + 88x 7 / 2 + \ f _ _ 

, c/o n \ > 0, < X < 1 . , 

+56x 3 + 88x 5 / 2 + 56x 2 + J < . (23) 

+88x 3 / 2 + 37x + 12^ + 3 / l< °' x > 1 

In view of ([23]) we conclude that the function gTA.K A( x ) is increasing in x 6 (0,1) and de- 
creasing in x G (1, oo). Also we have 

Pta_k a= sup gTAJc A{x) = lim grAJc A(x) = 1. (24) 

o:G(0,oo) 



By the application of (|20|) with (|24|) we get the required result. 

From the above proof we observe that it sufficient to get the expressions similar to A23\) and calculate 
the value of (3 as given in For the other parts below we shall avoid all these details. We shall 

just write the expressions similar to [22]) . I123\) and (2~4\ ). Then applying the Lemma 1.2, we get the 
required result. Throughout, it is understood that x > 0, x ^ 1. 

(ii) For D hI (P\\Q) < lD KoA (P\\Q): We have 

, . 8x (x + l) 2 

g h I.K A{x) " ^ + 6x 7/2 + 2Qx 3 + 34x 5/2 + 

+66x 2 + 34x 3 / 2 + 20x + 6^ + 3 



(x) 8(x-l)(x + l) 

r ( 3x 4 + 6x 7 / 2 + 20x 3 + 34x 5 / 2 + 
^ X \ +66x 2 + 34x 3 / 2 + 20x + 6 ^x + 3 

/ 3x 4 + 3x 7 / 2 + 5x 3 + 7x (x - l) 2 + 
X V +x 5/2 + x 3/2 + 5x + 3^/x + 3 



and 



A 



] mjc a = sup ghi.K A{x) = lim ghijc A(x) = ^. 

xe(o,oo) '» 



! X 

> 0, < x < 1 
< 0, x > 1 

1 



(iii) For Da'oA^IIQ) < §D* i(P||Q): We have 



gK A.K l(x) 



3x 4 + 6x 7 / 2 + 20x 3 + 34x 5 / 2 + \ 
V + 66x 2 + 34x 3 / 2 + 20x + 6^ + 3 ) 
(x + l) 2 (3x 2 + 6x 3 / 2 + 14x + 6^x + 3) ' 
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, 8(x- 1) ^ (3x + 8^ + 3) 

9K A.K n x ) — ~~ ~~i 



(x + l) 3 (3x 2 + 6x 3 / 2 + Ux + + 3) 

'> 0, < x < 1 



x (3x 2 + 4x 3/2 + lOx + 4^ + 3) 

and 



< 0, x > 1 



3 

Pk a.k i = sup gK A.K i(x) = lim gK &_K i{x) = -. 

a;e(0,oo) 2 

(iv) For D Jh {P\\Q) < |D KoJ (P||Q): We have 

/.///;•'•) ... 4Vi(x + l) 



9jh.K l{ x ) 
9jh.K l( x ) = - 



f'k i ( x ) 3x2 + 6a;3/2 + 14x + 6^/x + 3 ' 
2(x - 1) [2(x 2 + 1) + (x - l) 2 ] J>0, 0<x<l 



(3x 2 + 6x 3 / 2 + 14x + + 3) [<0, x>l 
and ^ 

(3jh_K i = sup gjh.K i{x) = lim gjh.K i{x) = - 

xe(o,oo) 4 

(v) For D^ oJ (P||Q) < |D Xoh (P||Q): We have 

/ \ fK i( x ) 3x 2 + 6x 3 / 2 + 14x + 6^ + 3 
JK h\ x > 3(x + l)(Vx + l) 

, 8( v / x- 1)(x + a/x + 1) J> 0, 0<x<l 

feo^W-- 3U/i+1) 3 (x + 1) 2 | <0j x>1 

and 

4 

/3Koi_K h = sup gK i.K h{x) = lim gK i.K h(x) = -. 

xg(0,oo) x ->' 1 3 

(vi) For D^ oh (P||Q) < |£»k j(P||Q): We have 

/£ 7» _ 3(Vi+l) 2 



gK h.K j(x) 



f'Jc j(x) 3x + 2^ + 3' 

, 6(x - 1) /> 0, 0<x<l 

fe " jW ""^?^?(<0, x>l 

and 

3 

PK h.K J = sup gK h.K j{x) = ^ragK hJC j{x) = -■ 
xe(o,oo) a; - >1 2 

(vii) For D Koh (P\\Q) < |£>* A (P||Q): We have 

3^(^ + l) 3 



/£ A (x) 4(x 4 + 5x 3 + 12x 2 + 5x + l)' 
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* ' 8,/x (x 4 + 5x 3 + 12x 2 + 5x + l) 2 \ < 0, x > 1 
and ^ 

PK h_VA = sup 9K hJHA{x) = lim gK h_VA(x) = T- 

^e(o,oo) ^ 4 

(viii) For L>^ oJ (P||Q) < i£)*j(P||Q): We have 

, x _ /kqjW _ ^/i(3x + 2yi + 3) (x + 1) 
9K j.m{x)- ^ - 4(x2 + 3x + 1)(Vi + 1)2 ' 

M _ (^-l)(3x + Vi + 3) 

8Vi(x2 + 3x + l) 2 (^+l) 3 

x 3 + x 5 / 2 + 2x (x + 1) + \ J > 0, 0<x<l 
+i(\/x-l) 2 + V^+l J|<0, x>l 



and 



PkoJ.vi = sup gK jj!fi(x) = lim gK jjai{x) = -. 

xe(o,oo) o 



(ix) For Dvj{P\\Q) ^ ±D* Kq (P\\Q): We have 

9^jjhk {x, 



fjjjx) _ 4(^+l) 2 (x + l) 



f%K ( x ) ^x 2 + 5x 3 / 2 + 6x + 5^ + 4 ' 

, 2 (x - 1) (3x 2 + 4x 3 / 2 + lOx + 4^x" + 3) (> 0, 0<x<l 

9vj_*k x - — ^ - - — - ^ - ^ 2 ^ o 

and 

4 

fhjjaK = sup ff*j.*i<: (x) = lim g^jjsK {x) = -. 

se(o,oo) x ~^ 1 3 

(x) For Dv Ko (P\\Q) < |D FA (P||Q): We have 

/ggoQc) _ 4^i (4x 2 + 5x 3 / 2 + 6x + 5^ + 4) (x + l) 3 



g<S>K -FA(x) 



/p A (x) / 15 + 90x + 257x 2 + 492x 3 + 257x 4 + 
+90x 5 + 15x 6 + 30^/z + 150x 3 / 2 + 
+364x 5 / 2 + 364x 7 / 2 + 150x 9 / 2 + 30x n / 2 



12(s + l)'(s-l) 

9^K .FA\ X ) — 



15 + 90x + 257x 2 + 492x 3 + 257x 4 + 
^x ( +90x 5 + 15x 6 + 30^x + 150x 3 / 2 + 

+364x 5 / 2 + 364x 7 / 2 + 150x 9 / 2 + 30x n / 2 

10 + HOx + 486x 2 + 740x 3 + 486x 4 + \ 
+110x 5 + 10x 6 + 25^ + 205x 3 / 2 + I 
+586x 5 / 2 + 586x 7 / 2 + 205x 9 / 2 + 25X 11 / 2 / l< °' x > 1 



x 



> 0, < x < 



11 



and ^ 

PvKo-FA = sup g^K .FA(x) = lim g-q/K -FA(x) = -. 

xe(o,oo) X ~ >1 6 

(xi) For Dvr(P\\Q) < |-Df/(P||Q): We have 

, x = /£tW = 16y/i (x 2 + x + 1) (Vx + l) 2 

S*T_F/W / 15x 4 + 30a; 7/2 + 6Qa; 3 + 90x 5/2 + 

V +122x 2 + 90x 3 / 2 + 60x + 30^ + 15 

, v _ 8(x-l) 

9<ut_fi\ x ) — ; rz " rz 

15a; 4 + 30x 7 / 2 + 60x 3 + 90x 5 / 2 + 

x +122x 2 + 90x 3 / 2 + 60x + 30^ + 15 
15x 6 + 26a: 11 / 2 + 40x 5 + 86x 9 / 2 + 9x 4 + 
+9x 2 + 86x 3 / 2 + 40x + 26^ + 15+ 
+ (x 2 - l) 2 (34x + + 34) 





and 



Pvt.fi = sup gmT.Fi{x) = lim g^T_Fi{x) = 

xe(o,oo) ■> 1 



(xii) For D FA (P\\Q) < lD FI (P\\Q): We have 

/ 15 + 90x + 257x 2 + 492x 3 + 257x 4 + 
+90x 5 + 15x 6 + 30^ + 150x 3 / 2 + 
f FA {x) \ +364x 5 / 2 + 364x 7 / 2 + 150x 9 / 2 + 30X 11 / 2 



9fa.fi [X) = „ t-t 

jfi\ x ) ^ 



.2 ( 15x 4 + 30x 7 / 2 + 60x 3 + 90x 5 / 2 + V 
X + ' V +122x 2 + 90x 3 / 2 + 60x + 30^x + 15 ) 



9fa_fi{x) = ~ 



32x 3 / 2 (x - 1) 



/ U 3 ( 15x 4 + 30x 7 / 2 + 60x 3 + 90x 5 / 2 + \ 
{X + ' V +122x 2 + 90x 3 / 2 + 60x + 30^ + 15 / 



x 



75x 5 + 300x 9 / 2 + 675x 4 + 1200x 7 / 2 
+1682x 3 + 1928x 5 / 2 + 1682x 2 + 
+1200x 3 / 2 + 675x + 300^ + 75 




> 0, < x < 1 
< 0, x > 1 



and 

9 

Pfa.fi = sup g F A.Fi(x) = limg FA _ FI (x) = -. 

xe(0,oo) 8 

(xiii) For D FI {P\\Q) ^ §D Fh (P\\Q): We have 

/ 15x 4 + 30x 7 / 2 + 60x 3 + 90x 5 / 2 + \ 
. . f FI {x) V +122x 2 + 90x 3 / 2 + 60x + 30^ + 15 J 

9FI_Fh\X) = JTl i \ = ; ,q . — To 

fk( x ) 15(x+l) 3 (V^+l) 
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, 32x(^- l)(2x + 3^ + 2) J > 0, 0<x<l 

15(x + l) 4 (Vi+l) 3 [<0, *>1 

and 

/3f/.f/i = sup gFi_Fh(x) = lim gFi_Fh(x 



(xiv) For £> Fft (P||Q) < i§£> FJ (P||Q): We have 



/^(x) i5(^+l) 2 (x + l) 

9Fh.FJ{X) = 777 



f 15x 3 + 30x 5 / 2 + 45x 2 + 
+44x 3 / 2 + 45x + 30^x + 15 



, r \ _ 120 (a - 1) {x + Vh/x (3s + 4y/x + 3) J > 0, 0<x<l 
9Fh.Fj\ x ) — ; ' " ) ^ n ^ 1 

/ 15x 3 + 30x 5 / 2 + 45x 2 + \ [<0, x>l 

^ +44x 3 / 2 + 45x + 30^/S + 15 J 

and 

15 

PFh-FJ = sup gFh.Fj{x) = lim g F h.Fj{x) = —7- 

xe(o,oo) 14 

(xv) For D FJ {P\\Q) ^ lD FT {P\\Q): We have 

/ 15x 3 + 30x 5 / 2 + 45x 2 + \ 
_ IfjM - V +44x 3 / 2 + 45x + 30^+15 J 

'' ' ~ f'M*) ~ ( 15x 4 + 30x 7 /2 + 60x 3 + 58x 5 / 2 + 

+58x 2 + 58x 3 / 2 + 60x + 30^ + 15 



9fj.ft( x ) — — 



and 



15x 4 + 30x 7 / 2 + 60x 3 + 58x 5 / 2 + 
+58x 2 + 58x 3 / 2 + 60x + 30^ + 15 

45x 4 + 180x 7 / 2 + 360x 3 + 540x 5 / 2 + \f >0 > °< X <1 
+ 598x 2 + 540x 3 / 2 + 360x + 180^ + 45 ) \ < 0, x > 1 



Pfj.ft = sup g F j.FT{x) = lim g F j.FT{x) = -. 

xe(o,oo) o 



(xvi) For D FJ {P\\Q) «S lD FKo {P\\Q)'. We have 



15x 3 + 30x 5 / 2 + 45x 2 + 
JfAx) V + 44x3/2 + 45x + 30 v^ + 15 

gFJ.FK {X) - 



fFK ( x ) 3(5x 2 + 6x + 5)(^i+l) 2 

4(V5- 

9fj.fk {x) = - 



, r _ . / 15x 3 + 30x 5 / 2 + 65x 2 + 

WX ' V +68x 3 / 2 + 65x + 30^ + 15 7 ( > 0, 0<x<l 



3(5x 2 + 6x + 5) z (y/x + 1) l<0, x>l 
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and 

7 

/3fj_fk = sup gFj.FK {x) = lim gFj.FK {x) = 

a:G(0,oo) b 

(xvii) For D FT {P\\Q) < 2D Fl ]>(P||Q): We have 

/ 15x 4 + 30x 7 / 2 + 60x 3 + 58x 5 / 2 + 
/£ T (x) _\+ 58x 2 + 58x 3 / 2 + 60x + 30^ + 15 



9FT.F<f(X) 



9ft_f<h( x ) 



fU( x ) , x / 15x 3 + 14x 5 / 2 + 13x 2 + \ 
lX + j V + 12x 3 / 2 + 13x + 14v^ + 15 J 

8 (a - 1) 

r ( ±-\\ 2 ( 15x3 + 14x5/2 + 13x2+ 
VX (X + > V +12x 3 / 2 + 13x + 14^i + 15 

15x 6 + 60X 11 / 2 + 105x 5 + 184x 9 / 2 + 
+265x 4 + 380x 7 / 2 + 382x 3 + 380x 5 / 2 + 
+265x 2 + 184x 3 / 2 + 105x + 60^ + 15 



> 0, < x < 1 
< 0, x > 1 



and 

/?ft.f* = sup g F T.F^{x) = lim g F T_Fv(x) = 2. 

ase(o,oo) ■ r ^ 1 

(xviii) For D FKo (P\\Q) < 2D F *(P||Q): We have 

/f^o ( x ) _ 3 (a/x + l) 2 (5x 2 + 6x + 5) 



f 15x 3 + 14x 5 / 2 + 13x 2 + 
f- 12x 3 / 2 + 13x + Uy/x + 15 



12(x-l) 



r f 15x 3 + 14x 5 / 2 + 13x 2 + \ 
^ X V +12x 3 / 2 + 13x + 14^x + 15 J 

10x 4 + 25x 7 / 2 + 58x 3 + 87x 5 / 2 + "\ / > °' °< x < 1 
+ 120x 2 + 87x 3 / 2 + 58x + 25^ + 10 ) \ < 0, x > 1 



and 



Pfk .f^ = sup gFK _F<f(x) = lim gFK .F^{x) = 2. 

26(0,00) 

Combining the parts (i)-(xix) we complete the proof of the theorem. 



3.1 Unified Inequalities 

In [11], the author studied the following inequalities based on the first part of expression 
Dia ^D hA ^ ^D JA < -D TA ^ D TJ < -D Th < 

^ 2D Jh < -D 9A < -D m ^ sC -Z^j < -Apt. 

6 5 9 4 3 
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and 



'-D hA ^ 2D hI < D TJ . 



(26) 



Combining the above inequalities given in (|2ip . (j25[) and (j26|) . we get following unified result: 



2D W 



l D K A 

D T j < \B Th < 2D Jh 



1 / D\^x 



3 V ^ q-DfA 



1 2 1 1 / D Pr 

* 8^ 16^ 7°"* 6 ( Co 



< -ZW (27) 



4 Inequalities among New Divergence Measures 



From the inequalities appearing in (|24p . we observe that the measures 
relation 



Tip bear the following 



B 2 (P\\Q) < is 4 (P||Q) < ^ 3 (P||Q) < ±Be(P\\Q) < ifl B (P||Q) ^ 



i.e., 



rWPHQ) < 2 D ^a(p||Q) < D Koh (p\\Q) ^ 

< \d* a (P\\Q) ^ ^D 9Ko (P\\Q) ^ \d FKq {P\\Q)- 
The expression (|28p admits 15 nonnegative differences. These are as follows: 
L^PWQ) = L 2 (P\\Q) = ^L 3 (P\\Q) = \d KoA (P\\Q) - D hA {P\\Q) 



MP\\Q) 

L 5 (P\\Q) 
Le(P\\Q) 



Lr(P\\Q) 



1 

16 



E 



/PiQiiPi + ft) ' 



-^ A {P\\Q) - D Koh (P\\Q) = -J2 {VI> 



\d* a {p\\Q)-\d KoA {p\\q) = - 



64 fr{ PiU (Pi + n 

1 A iPi - Qif 



E 

i=i 



PiQi (Pi + Qi) 



1 



4 
] 

64 



D* A {P\\Q) - D hA (P\\Q) 



1=1 



ZMi (Pi + % 



^W^IIQ)-^>*a(P||Q) 

1 " [2 (Pi + qi)+{ 

64 ^ 

i=l 



(Pi ~ Qif (VPi ~ VQi)' 



PiQi (Pi + Qi) 



(28) 
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1 



L 8 (P\\Q) = -Dy Ko {P\\Q) - D Koh (P\\Q) 



J_ (Pi + ft) (VPi- y/Oi)' 
16^ 



i=i 



Pi ft 



L 9 (P\\Q) = ±D 9Ko (P\\Q) - 1 -D KqA {P\\Q) 

i " (Pi - ft) [U/Pi - + 

~~ 16 ^ 

i=i 



{y/p~i- y/Oi)' 



PiQi (Pi + ft) 



^io(P||Q) = 2^o(^IIQ) - D hA (P\\Q) 

1 ™ [v^ft (Pi + ft) + (Vp 
~ 16 ^ 



i) 2 (\/Pi 



i=l 



Pi ft (Pi + ft) 

L U (P||Q) = \d FKo {P\\Q) - \Dv Ko (P\\Q) 

_ J_ y> (pj + ft) (Pj - ft) 2 (yW - y/Qi)' 

~ 32 ^ 



i=i 



3/2 3/2 
Pi ft 



^i 2 (P||Q) = \d FKo (p\\q) - \d^ a {p\\q) 



1 ™ \pi + ft + V^ft + (\/Pi ~ \/*") 2 (P* ~ 
64 ^ 



i=i 



Pi /2 ft 3/2 (Pi + ft) 



L 13 (P||Q) = -D FJ f (P||Q) - £>* oh (P||Q) 

_ J_ ^ ipi + ft) (pj + ^\/pm + ft) (yp7 - y/q~if 
64 »=i Pi /2 ft 3/2 (Pi + ft) 

L 14 (P||Q) = ^ F k (P||Q) - \d Ko a{P\\Q) 

_ 2_ [Pj + Qi + 2 \/P^ft (gj + ft)] {VP* + \/ft) 2 (\/Pf ~ \/ft) z 
~ 32 ^ - - - - 



i=i 



p 3/2 ft 3/2 (ft + ft) 



and 



£l 5 (P||Q) = -£W (^IIQ) - D hA (P\\Q) 

- ^") 2 (v^~ v®y 



32 



i=i 



Pi /2 ft 3/2 (Pi + ft) 



x [p 3 + ft 3 + 4VKft (pf + ft 2 ) + 7pift (pj + ft)] . 
Theorem 4.1. T/ie following inequalities hold: 



Li(P||Q) < -L 6 (P||Q) < ^ t(P||Q) < L 5 (P||Q). 
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and 



L 7 (P\\Q) < I 



i8(p|iQ) * * ( £X ) * iLn(p|l0) 



<: 



L U (P\\Q) < iL n (P||Q) 
^i 5 (P||Q) 



(30) 



Proof. We shall prove the above theorem in parts. Following the similar lines of part (i) of Theorem 
3.1, it is sufficient to write in each case, the expressions similar to (|22p-([24"|). The rest part of the 
proof follows by the application of Lemma 1.2. 



(i) For Lx(P\\Q) < ±L 6 (P||Q): We have 



3x 3 + 12x 5 / 2 + 25x 2 + 
+40x 3 / 2 + 25x + Yl^fx + 3 



x 4 + Ax 7 / 2 + 13x 3 + 24x 5 / 2 + 
+36x 2 + 24x 3 / 2 + 13x + Vi + 1 



3(x-l)(x + l) 2 



/ x 4 + 4x 7 / 2 + 13x 3 + 24x 5 / 2 + 
^ X V +36x 2 + 24x 3 / 2 + 13x + 4*/x + 1 



> 0, < x < 1 



and 



x 4 + 8x 7/2 + 27x 3 + 64x 5/2 + 
+80x 2 + 64x 3 / 2 + 27x + 8^ + 1 J ) < 0, x > 1 



PlxM= su P gL^Leix) = ]im g Ll _L 6 (x) = -. 
xe(o,oo) 1 



(ii) For Lx(P\\Q) ^ lD KoT (P\\Q): We have 



QLx.Dk.Ax) 



Slip) 



3x 3 + 12x 5 / 2 + 25x 2 + 
+40x 3 / 2 + 25x + 12^i + 3 



S'd KqT {x) 2(x + l) 2 (3x + 4^ + 3) 2 



5 f L 1 .D Kn T( X ) 



_ / 3x 3 + 12x 5 / 2 + 35x 2 + 
^ ~ ' V +40x 3 / 2 + 35x + 12y^ + 3 J I > 0, 0<x<l 



2y/x (x + l) 3 (3x + A^Jx + 3) z 



and 



/SllZW = SU P 9L 1 .D KQT {x) = Yajxg Ll .D KoT {x) 

° xg(0,oo) a-* 1 2 



< 0, x > 1 
3 



(iii) For ET T: We have 



gD KoT _L 5 {X) 



IK T\ 



SIM 



2y/x~ (x + l) 2 (3x + 4v^ + 3) 
2x 4 + 5x 7 / 2 + 14x 3 + 23x 5 / 2 + 
+32x 2 + 23x 3 / 2 + 14x + 5^ + 2 
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. s 2(x-l) 3 (x + l)(x + ^ + l) 

9D KnT .L 5 i x ) ~ 



r f 2x 4 + 5x 7 / 2 + 14x 3 + 23x 5 / 2 + \ 
^ X V +32x 2 + 23x 3 / 2 + Ux + 5y/x + 2 ) 

x ( 3x 2 + 5x 3/2 + 14x + 5y/x + 3 



> 0, < x < 1 
< 0, x > 1 



and 



Combining the parts (i)-(iii), we get the proof of ([28 
(iv) For L 7 (P\\Q) ^ L 8 (P\\Q): We have 



2 

/3d KqT .l 5 = sup g DKoT _ L5 (x) = lim g DKoT _ L5 (x) = -. 

ze(o,oo) x ~* 1 ° 



9l 7 .l s {x) 



9l 7 .Ls( x ) 



3x 5 + 3x 9 / 2 + 12x 4 + 10x 7 / 2 + 17x 3 + 
fl 7 ( x ) _ V +6x 5 / 2 + 17x 2 + 10x 3 / 2 + 12x + 3^/i + 3 
fljx) ~ 2(x + l) 3 (2x 2 + x3/2 + ^ + 2 ) 



3(x-l)(v^-l) 



2 



and 



4^/x (x + l) 4 (2x 2 + x 3 / 2 + ^x + 2Y 

x 5 + 6x 9 / 2 + 16x 4 + 34x 7 / 2 + 
+35x 3 + 40x 5 / 2 + 35x 2 + 
+34x 3 / 2 + 16x + 6t/x~ + 1 

Pl 7 .l s = sup gL 7 .L s 0) = lim s>l 7 _l 8 (x) 

xe(o,oo) 



> 0, < x < 1 
< 0, x > 1 



(v) For L 7 (P\\Q) ^ Lg(P\\Q): We have 

9L 7 _L g (x] 



( 3x 5 + 3x 9 / 2 + 12x 4 + 10x 7 / 2 + 17x 3 + 
fl 7 {x) _ V +6x 5 / 2 + 17x 2 + 10x 3 / 2 + 12x + 3^/x~ + 3 



and 



f'U ^ ( 8x5 + 7x9/2 + 30x4 + 20x7/2 + 31x3 + 31x2 + 

+3x 2 (y/x - if + 20x 3 / 2 + 30x + 7y/x + 8 



' 8x 5 + 7x 9 / 2 + 30x 4 + 20x 7 / 2 + 31x 3 + 31x 2 + x " 

+3x 2 (Vi - l) 2 + 20x 3 / 2 + 30x + 7^/x + 8 
x 6 + 4X 11 / 2 + 17x 5 + 48x 9 / 2 + 131x 4 + \ f 
+172x 7 / 2 + 214x 3 + 172x 5 / 2 + ) ) * < 

+131x 2 + 48x 3 / 2 + 17x + 4^x + 1 / l <0 ' x>1 



h 7 .L 9 = sup gL 7 L g (x) = lim gL 7 L g {x) = 1. 
xe(o,oo) 
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(vi) For L 8 (P\\Q) ^ \L 12 (P\\Q): We have 



9l s .l 12 (x) = 



8^x (2x 2 + x 3 / 2 + y/x + 2) (x + if 



2 ( 2 (y/x - 1) (x 4 + 5x 3 + 12x 2 + 5x + l) + 



9l 8 .l 12 ( x ) — ~~ 



+ (x + 1) (I3x 4 + 38x 3 + 42x 2 + 38x + 13) 
24(^-l)(x + l) 2 



Vx'iVx'+iy 



2 (yjx - l) 2 (x 4 + 5x 3 + 12x 2 + 5x + l) + 
+ (x + 1) (I3x 4 + 38x 3 + 42x 2 + 38x + 13) 

( 5x 8 + 5x 15 / 2 + 21x 7 + 19x 13 / 2 + 52x 6 + \ 
+49x 41 / 2 + 155x 5 + 87x 9 / 2 + 174x 4 + 
+87x 7 / 2 + 155x 3 + 49x 5 / 2 + 52x 2 + 
V +19x 3 / 2 + 21x + 5^+5 / 



> 0, < x < 
< 0, x > 1 



1 



and 



/3l 8 .l 12 = sup g Lii .L 12 {x) = lim g L& .L 12 {x) = -. 

xe(o,oo) 6 



(vii) For L 8 (P\\Q) < ±L 13 (P\\Q): We have 



9l 8 .l 13 (x) 



9l 8 -L 13 (x) 



fjjx) _ 8Vi(2x 2 + x 3 / 2 + ^ + 2) 
fl l3 (x) ~ 3 ( + l) 2 (5x 2 + 2x + 5) 

8(v^-l) 



3^i (Vx + I) 3 (5x 2 + 2x + 5) 2 ' 



5x 4 + 5x 7 / 2 + 3x 3 + 7x 5 / 2 + ^/ >0 ' 0<x<l 
+20x 2 + 7x 3 / 2 + 3x + + 5 / 1 < 0, x > 1 



and 



sup g Lii .L 13 {x) 

xg(0,oo) 



h_mffL 8 .L 13 (x) 



(viii) For L 12 (P\\Q) ^ §L n (P||Q): We have 



9l 12 .l 11 (x) 



f'L(x) 



2 ( 2 (y/x - l) 2 (x 4 + 5x 3 + 12x 2 + 5x + 1) + 
+ (x + 1) (I3x 4 + 38x 3 + 42x 2 + 38x + 13) 



g'L 12 .L 11 (x) = — 



(x + iy 



6(x- 1) 



15x 3 + 14x 5/2 + 13x 2 + 
+12x 3 / 2 + 13x + Uy/x + 15 



Vx~(x + 1) 4 



15x 3 + 14x 5 / 2 + 13x 2 + 
+12x 3 / 2 + 13x + 14^ + 15 

/ 15x 8 + 30x 15 / 2 + 121x 7 + 174x 13 / 2 + 346x 6 + \ 
+178x 14 / 2 + 487x 5 + 258x 9 / 2 + 622x 4 + 
+258x 7 / 2 + 487x 3 + 178x 5 / 2 + 346x 2 + 

\ +174x 3 / 2 + 121x + 30y/x + 15 / 




< x < 1 

X > 1 
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and 

3 

0Li2-I.ii = SU P 9L 12 .L X1 { X ) = lim |5Li 2 .Lii(a;) = 7T- 

xe(o,oo) l 
(ix) For L 13 (P\\Q) §L n (P||Q): We have 



r ! _ ^13 ( x ) _ 3 (y/x + l) 2 (5x 2 + 2x + 5) 
5Ll3 - in W /i' u (*) / 15x 3 + 14x 5 / 2 + 13x 2 + 



+12x 3 / 2 + 13x + 14^x + 15 

24 - 1)( + 5x7/2 + + 7x5/2 + ^ 

^ X ~ ^ V +20x 2 + 7x 3 / 2 + 3x + 5^ + 5 / J > 0, < x < 1 



9Ll3 - Ll1 {X) ~~ ( 15* 3 + 14x 5 / 2 + 13x 2 + \ 

^ X V +12x 3 / 2 + 13x + 14^/i + 15 / 



< 0, x > 1 



and 

3 

/5l 13 .Lh = SU P 5Li3-Ln(x) = lim 5il3 _ Lll (x) = -. 

xe(o,oo) z 

(x) For L 8 (P||Q) < \L U {P\\Q): We have 

_ /£» _ (2x 2 + x 3 / 2 + + 2) (g + l) 3 

5i8 - Ll4(X) /i' 14 (x) / 15x 6 + 30x n /2 + 72x 5 + 114x 9 / 2 + 

+137x 4 + 160x 7 / 2 + 96x 3 + 160x 5 / 2 + 
+137x 2 + 114x 3 / 2 + 72x + 30^ + 15 



9l 8 -L 14 ,( x ) — ~- 



24(x-l)(x + l) 2 



\fx 



15x 6 + 30X 11 / 2 + 72x 5 + 114x 9 / 2 + 
+137x 4 + 160a; 7 / 2 + 96x 3 + 160x 5 / 2 + 
+137x 2 + 114x 3 / 2 + 72x + 30x/x + 15 

/ 5x 8 + 5x 15 / 2 + 21x 7 + 19x 13 / 2 + 60x 6 + \ 
+73X 11 / 2 + 343x 5 + 159x 9 / 2 + 270x 4 + 
+159x 7 / 2 + 243x 3 + 73x 5 / 2 + 60x 2 + 

\ +19x 3 / 2 + 21x + 5Vx + 5 



and 



/3l s .l 14 = sup g L8 .L 14 ( x ) = hm #l 8 _Li 4 (x) = -. 

xe(o,oo) x ^i 3 




(xi) For L 8 (P\\Q) ^ \L 15 (P\\Q): We have 



9l 8 .l w ( x ) = 



fU x ) 



8^ (2x 2 + x 3 / 2 + yfx + 2) (x + l) 3 
15x 6 + 30x n / 2 + 78x 5 + 126x 9 / 2 + 
+145x 4 + 164x 7 / 2 + 36x 3 + 164x 5 / 2 + 
+145x 2 + 126x 3 / 2 + 78x + 30^ + 15 
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24(x- l)(x + l) 2 

/ 15x 6 + 30x n / 2 + 78x 5 + 126x 9 / 2 + 
yfx +145x 4 + 164x 7 / 2 + 36x 3 + 164x 5 / 2 + 
\ +145x 2 + 126x 3 / 2 + 78x + 30^/x + 15 , 

/ 5x 8 + 5x 15 / 2 + 19x 7 + llx 13 / 2 + 58x 6 + \ 
+81X 11 / 2 + 365x 5 + 223x 9 / 2 + 386x 4 + 
+223x 7 / 2 + 365x 3 + 81x 5 / 2 + 58x 2 + 

\ +llx 3 / 2 + 19x + 5^ + 5 



and 



/3l 8 .l 15 = sup g L8 -L 15 ( x ) 



lim 

x— > 



) 



}9L 8 -L 15 ( X ) = o- 




(xii) For Lg(P\\Q) ^ lL u (P\\Q): We hav 



9L9 - Lli[x) ~ siM 



( 8x 5 + 7x 9 / 2 + 30x 4 + 20x 7 / 2 + 31x 3 + 31x 2 + 
* X \ +3x 2 (y/x - l) 2 + 20x 3 / 2 + 30x + 7y/x + 8 

' 15x 6 + 30X 11 / 2 + 72x 5 + 114x 9 / 2 + 
+137x 4 + 160x 7 / 2 + 96x 3 + 160x 5 / 2 + 
+137x 2 + 114x 3 / 2 + 72x + 30^x~ + 15 



, = 6(x-l)(^-l) 2 (x + l) 2 



I 15x 6 + 30x n /2 + 72x 5 + 114x 9 / 2 + 
y/x +137x 4 + 160x 7 / 2 + 96x 3 + 160x 5 / 2 + 
\ +137x 2 + 114x 3 / 2 + 72x + 30y/x + 15 

/ 20x 7 + 75x 13 / 2 + 274x 6 + 634x n / 2 + 
+1274x 5 + 1685x 9 / 2 + 2144x 4 + 
+2124x 7 / 2 + 2144x 3 + 1685 * x 5 / 2 + 

\ +1274x 2 + 634x 3 / 2 + 274x + 75 + 20 / 



rX 



>0, 

<o, 



< x < 1 
x > 1 



and 



/3l 9 .Li4 = sup g L9 .L 14 (x) = lim g L() .L 14 (x) = \. 

xe(o,oo) 3 

(xiii) For Lg(P\\Q) ^ \L lb {P\\Q): We have 



9l 9 .l 15 (x) = 



_ Jl 9 



f 8x 5 + 7x 9 / 2 + 30x 4 + 20x 7 / 2 + 31x 3 + 31x 2 + \ 
VX V +3x 2 (y/E - l) 2 + 20x 3 / 2 + 30x + 7^ + 8 J 
' 15x 6 + 30X 11 / 2 + 78x 5 + 126x 9 / 2 + " 
+145x 4 + 164x 7 / 2 + 36x 3 + 164x 5 / 2 + 
+145x 2 + 126x 3 / 2 + 78x + 30^ + 15 
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9'l 9 .L 15 ( X ) 



6(x-l)(Vx"-l) 2 (x + l) 2 



/ 15x 6 + 30X 11 / 2 + 78x 5 + 126x 9 / 2 + 
y/x +145x 4 + 164x 7 / 2 + 36x 3 + 164x 5 / 2 + 
\ +145x 2 + 126x 3 / 2 + 78x + 30y/x + 15 

/ 20x 8 + 35x 15 / 2 + 136x 7 + 129x 13 / 2 + \ 
+272x 6 - 197X 11 / 2 + 536x 5 - 223x 9 / 2 + 
X +504x 4 - 223x 7 / 2 + 536x 3 - 197x 5 / 2 + 
\ +272x 2 + 129x 3 / 2 + 136x + 35^i + 20 J 



> 0, < x < 1 
< 0, x > 1 



and 



sup 3l 9 _l 15 (» = lim g L9 _L 15 (x) 

x—tl 



xG(0,oo) 

(xiv) For L 14 (P||Q) < §L n (P||Q): We have 

15x 6 + 30x n / 2 + 72x 5 + 114x 9 / 2 + 



2-v/x +137x 4 + 160x 7 / 2 + 96x 3 + 160x 5 / 2 + 
f'l 14 (x) V +137x 2 + 114x 3 / 2 + 72x + 30^ + 15 

f" 



X 



I + 1)3 ( 15x3 + 14x5/2 + 13x2 + 

^ ' \ +12x 3 / 2 + 13x + 14^/x"+15 



5 r L 14 .L 1 i( x ) 



6(x-l)(Vi-l) 



r , u / 15x 3 + 14x 5 / 2 + 13x 2 + 
VX (X + lj V +12^ 3/2 + 13x + 14^x" + 15 

/ 20x 7 + 75x 13 / 2 + 274x 6 + 634x n / 2 + \ 
+1274x 5 + 1685x 9 / 2 + 2144x 4 + 
+2124x 7 / 2 + 2144x 3 + 1685x 5 / 2 + 
\ +1274x 2 + 634x 3 / 2 + 274x + 75^/x" + 20 / 



> 0, < x < 1 
< 0, x > 1 



and 



/3l 14 .Lh = sup g LlA .L n (x) = lim g Lu _L u (x) = -. 



Combining the parts (iii)-(xiv) we get the proof of (b). Finally, the parts (i)-(xiv) completes 
the proof of the theorem. □ 

4.1 Relationships with the Terms of Exponential Divergence Series 

In this section we shall relate the first four terms of the series (|17p . 
Theorem 4.2. The following inequalities hold 

1 



and 



L 5 (P\\Q) < 
L 4 (P\\Q) < 



2048 
1 



32768 



K2(P\\Q) 
Ks(P\\Q) 



(31) 
(32) 
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Proof. We shall use the same arguments as of Theorem 3.1 to prove this theorem, 
(i) For L 5 (P\\Q) < ^K 2 (P\\Q): We have 



. . f'L 0*0 X ' V +32^ 2 + 23x 3 / 2 + 14x + 5^ + 2 

9L 5 .D K9 (x) 



3/2 



2x 4 + 5x 7 / 2 + Ux 3 + 23x 5 / 2 + 



/d K2 0*0 " 80 (x + l) 3 (v^ + l) 4 (7x 2 + lOx + 7) ' 

3y/x(y/x — l) 



80 (v^ + 1)° (x + l) 4 (7x 2 + lOx + 7)' 
/ 7x 7 + 28x 13 / 2 + 106x 6 + 262x n / 2 + \ 
+560x 5 + 860x 9 / 2 + 1151x 4 + 
X +1220x 7 / 2 + 1151x 3 + 860x 5 / 2 + 
\ +560x 2 + 262x 3 / 2 + 106x28Vx + 7 / 



> 0, < x < 1 
< 0, x > 1 



and 



Pl 5 _d K2 = sup g L5 .D K2 (x) = limg L5 _ D (x) = — — . 

xe(o,oo) x^ 1 2048 



(ii) For L 4 (P\\Q) < -^K 3 (P\\Q): We have 

fl(x) x 5/2 ( x 2 + x 3/2 + 3x + ^ +1 ) 

9U-D* a (X) - (x) - 5 g ( ^ + 1} 4 (x + 1)3 (9x2 + Mx + Q) > 



9'l 4 _d k ,{x) = 



3x 3 / 2 (^- 1) 



112 (y/x + l) 5 (x + l) 4 (9x 2 + 14x + 9) 2 

15x 5 + 36x 9 / 2 + 116x 4 + 166x 7 / 2 
> | +261x 3 + 252x 5 / 2 + 261x 2 + 
+166x 3 / 2 + 116x + 36^x + 15 



> 0, < x < 1 
< 0, x > 1 



and 



Pl a j) k „ = sup gu.DK., (x) = lim 9u.Dk., (x) 



3 3?g(o,oo) 3 > s _n— « s v ' 32768 



□ 



Remark 4.1. After simplifications, we have following relations with the first four terms of the 
exponential divergence series: 

\F{P\\Q) = K (P\\Q) + ^(PHQ), (33) 

\*{P\\Q) + A(P||Q) < ^o(P||Q) + ^^(PHQ) 

^8T(P||Q) + A^ 2 (P||Q) (34) 
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and 

^(P\\Q) + 32h(P\\Q) ^ 2A(P||Q) + 4K (P\\Q) + ^K 3 (P\\Q) 

^5K (P\\Q) + ^K 3 (P\\Q). (35) 

The expression A33\) relates the measures Kq(P\\Q) and K\(P\\Q). The expression \3J$ relates 
Kq(P\\Q) and K2(P\\Q) and the expression [35\) relates Kq(P\\Q) and K 3 {P\\Q) with the other 
known measures. 
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